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a b s t r a c t 

The motion of a tiny air bubble in an aqueous solution of cetyl trimethyl ammonium bromide and sodium salicy- 

late (CTAB/NaSal), which forms wormlike micelles, was observed using a high-speed polarization camera. Com- 

plex local flow is observed around the bubble surface because the bubble shape deforms repeatedly at 100 Hz. 

The camera can be used to measure the retardation distribution, which is related to the stress field around the 

bubble. Different retardation and orientation angle distributions were observed during the contraction and expan- 

sion phases. In the contraction phase, a strong retardation distribution appears at the tail of the cusped bubble. 

The occurrence of uniaxial elongation deformation is considered to be due to the negative wake because they are 

closely correlated. In contrast, a weak retardation distribution spreads at the upper side of the bubble during the 

expansion phase, where biaxial extensional deformation occurs due to expansion of the bubble surface. These 

significant changes in strong elastic stress distributions, which correspond to the orientation angle profiles, can 

result in increase of bubble rising velocities. 
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. Introduction 

One of the practical phenomena in many industrial processes is the
ising of gas bubbles. There have been many fundamental studies related
o the motion of gas bubbles; however, for the case of non-Newtonian
uids, interesting and unexpected observations remain unresolved [1] .
or example, one well-known phenomenon in non-Newtonian fluids is
he discontinuity in the bubble rising velocity. In a Newtonian fluid,
he rising velocity of a gas bubble with a Reynolds number less than 1
Stokes region [2] ) is quadratically proportional to the bubble diame-
er, i.e., the gas bubble volume and rising velocity are related. However,
or non-Newtonian liquids, many authors have reported a critical bub-
le volume, above which a rapid increase in the bubble rising velocity
ccurs. The rapid change of the bubble rising velocity is referred to as
elocity jump. 

Several groups have investigated the velocity jump in non-
ewtonian fluids. For example, Astarita and Apuzzo [3] reported that

he ratio of bubble rising velocity before and after the velocity jump
s in the range of 2–6, depending on the polymer content in the solu-
ion. They argued that the velocity jump was the result of a transition
rom the Stokes region to the Hadamard region [4] , i.e., a change from a
igid bubble interface to a free bubble interface. The velocity jump that
esults from such a change in boundary conditions could be up to 1.5
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imes. However, this transition cannot fully explain a six-fold increase
n the bubble rising velocity. 

Hassager [5] reported on the bubble rising velocity and the wake
ehind an air bubble in a non-Newtonian liquid, where laser Doppler
nemometry was used to measure the liquid velocity. For small bubbles
with a volume smaller than the critical volume), the dominant flow in
he wake behind the air bubble is towards the upper direction, i.e., the
irection of rising. Such a wake is referred to as a positive wake and is
imilar to the flow of a bubble in Newtonian fluid. On the other hand, for
arge bubbles (with a volume larger than the critical volume), the flow
s towards the lower direction, i.e., opposite to the bubble rising direc-
ion and thus termed a negative wake. In this case, the bubble shape
as a cusped shape that seems to be sharpened at the tail of the bub-
le. To investigate the structure of a negative wake, Herrera-Velarde
t al. [6] showed different types of wake behind a rising bubble be-
ore and after the critical volume using the particle image velocimetry
PIV) technique. Li and colleagues [7–9] used two practical methods,
IV and birefringence visualization. The latter method was performed
y crossed Nicols measurements with two sheets of polarizer plate to
isualize the stress field around the bubble. Moreover, a lattice Boltz-
ann (LB) simulation was used for the complex flow field, whereby

hey reported that the negative wake is related to the viscoelastic prop-
rties of the fluid. Pillapakkam et al. [10] indicated that a vortex ring
vember 2018 
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Nomenclature 

C [Pa − 1 ] stress optical coefficient 
D [m] bubble diameter 
𝜀 [-] strain 
�̇� [s − 1 ] uniaxial elongation rate 
I [-] light intensity 
L [m] distance from bubble surface 
N 1 [Pa] first normal stress difference 
t [s] time 
T [s] period 
𝛿’ [nm] retardation 
𝚫n’ [ - ] refractive index tensor 
R [ - ] rotation tensor 
𝝌 [ - ] orientation angle 
𝝋 [ - ] principle azimuthal angle 
�̇� [s − 1 ] shear rate 
𝜂 [Pa · s] shear viscosity 
𝜂0 [Pa · s] zero-shear viscosity 
𝜂∗ [Pa · s] complex viscosity 
𝜆 [m] wave length 
𝝈 [Pa] stress tensor 
𝜉 [-] non-dimensional distance 
𝜁 [m] light pass length 
𝜔 [rad/s] angular rate 

Subscripts and Superscripts 

con contraction 
eq equivalent 
exp expansion 
H horizontal 
V vertical 

s present in the negative wake of a larger bubble. They used direct nu-
erical simulation (DNS) of the transient bubble for a viscoelastic fluid.
he vortex ring located at the bottom of the bubble produces a negative
ake, which was in agreement with the experimental result. Handzy
nd Belmonte [11] reported birefringent images of the negative wake
ehind a bubble rising in a wormlike micellar fluid, an aqueous solu-
ion of cetyl-pyridinium chloride and sodium salicylate (CPCl/NaSal).
hey showed that the residual stress in the tail of the cusped bubble by
he crossed Nicols photographs. Belmonte [12] observed the motion of
 rising cusped bubble in wormlike micellar aqueous solution of cetyl-
rimethyl ammonium bromide and sodium salicylate (CTAB/NaSal) in
he rotating toroidal cell, and found that the cusp-tip of the bubble is
eriodically elongated in the vertical direction for larger bubbles. The
ubble shape appears to have a knife-edge shape [5,13] in the shortest
usp-tip. The frequency of the oscillation varied slightly and increased
ith the bubble volume, which Belmonte referred to as bubble self-
scillation. Imaizumi et al. [14] used a new method of mesh deformation
racking and suggested that the cusped shape is related to the release of
ccumulated elastic energy from shear strain in the viscoelastic fluid. 

Theoretical studies on nonlinear oscillations of bubbles in viscoelas-
ic fluids subject to a pulsating pressure is one of the important themes
elated to ultrasonic cavitation. Fogler and Goddard [15] presented a
umerical analysis with regard to collapse of a spherical cavity in a
arge body of an incompressible linear Maxwell model fluid. Shima
t al. [16] theoretically investigated on nonlinear oscillations of gas
ubbles in viscoelastic fluids of a three-constant Oldroyd model. Lind
nd Phillips [17] used boundary element method for a spherical bubble
n several differential viscoelastic model fluids such as the Maxwell, the
effreys, the Rouse and the Doi-Edwards. The numerical scheme was
xtended to study the dynamics of non-spherical bubble near a rigid
oundary [18] and a free surface [19] . Lind and Phillips [20] also used
he spectral element method for the viscoelastic two-phase bubble near
25 
he rigid boundary, and showed good agreement with the dynamics ob-
erved in other numerical studies along with experimental observations.
owever, this method suffers from the high Weissenberg number prob-

em. There is a limiting Weissenberg number for each of the fluid models
eyond which the simulation fails to converge. 

We measured motion of rising bubble under pressure-oscillating
eld, and reported a significant enhancement of the rising velocity up to
pproximately 400 times for a shear-thinning fluid with 1–5 mm 

3 bub-
les in 0.7 wt% aqueous sodium polyacrylate (SPA) [21] . We identified
wo significant points in this case: (1) In the case of bigger amplitude and
igher frequency of pressure-oscillation, the tiny bubble shape changed
rom spherical to cuspidal when the bubble size reached a minimum
uring the contraction phase, while the bubble shape became spher-
cal again during the expansion phase. The tiny bubble shape without
ressure-oscillation (i.e., natural rising bubble) is spherical due to a very
ow Reynolds number, such as the order of 10 − 3 , which is much smaller
han 1 (Stokes region). (2) A bubble with surrounding fluid undergoes
lternating deformation due to bubble expansion and contraction under
 pressure-oscillating field, which causes local shear and elongational
ow around the bubble. The local shear rate on the surface of isotropi-
ally compressing/expanding bubble can be estimated according to the
pherical model [21] . The shear rate on the bubble surface was reported
o reach up to the order of several hundred, which indicates a sufficient
ecrease in shear viscosity and the generation of elastic stress. Interest-
ngly, nonuniform radial velocities were observed around the bubble by
easurement of motion of a sheet of fine pigments. The radial velocities
ere high in the lower region of the bubble than the upper region, be-

ause the fluid in upper region was surrounded by the rigid cell wall and
he fluid was pressed from the downside through a sheet of rubber [22] .
uch difference was boosted in the cuspidal bubble shape. The reason of
yclical change between spherical and cuspidal has not been identified
n detail, however, should be related with the rheological property and
ocal flow of the surrounding fluid. In this work, the local flow struc-
ure around a tiny bubble under a pressure-oscillation field is studied
ith both high time and space resolution using 2D polarization mea-

urements by which the stress field can also be measured. 

. Experimental 

.1. Test solution 

A mixed solution of 0.03 M CTAB and 0.23 M NaSal was used. The so-
ute was dissolved in distilled water using high-performance liquid chro-
atography. CTAB/NaSal aq. exhibits strong flow birefringence due to
orm-like micelle orientation under stress conditions [23,24] . This so-

ution is known to obey the stress-optic rule. Fig. 1 shows the rheologi-
al properties of the CTAB/NaSal solution, where 𝜂 is the shear viscos-
ty, N 1 is the normal stress, | 𝜂∗ | is the complex viscosity, �̇� is the shear
ate, and 𝜔 is the angular rate. CTAB/NaSal aq. exhibits shear-thinning
nd viscoelastic properties. These data were measured using a rheome-
er (RS-600, Thermo Scientific Corp.) with a cone-and-plate of 60 mm
iameter and a 2.0° gap angle at 23 °C). 𝜂 and N 1 were obtained by
otational measurements, and | 𝜂∗ | was obtained by oscillational mea-
urements. Both 𝜂 and | 𝜂∗ | plots of viscosity are in good agreement in
he lower shear rate region. However, nonlinear behavior in the steady
otation case appeared at shear velocities of over 2 s − 1 . Density of the
iquid was 1015.4 kg/m 

3 . It has been assumed that the rheological and
ptical properties are kept constant throughout the experiments under
ressure-oscillating field. 

.2. Apparatus 

Fig. 2 shows a schematic diagram of the experimental apparatus. A
ottle-shaped quartz cell was fixed with an expansion block consisting
f connections, a hole for piping, the screw cap and the rubber sheet so
s to consistently press against the rubber sheet by a vibrating platform
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Fig. 1. Rheological behavior of 0.03 M CTAB/0.23 M NaSal aq . measured with 

a rheometer system. 

Fig. 2. High-speed polarization camera used to capture the local flow around a 

tiny air bubble placed in a quartz cell under a pressure-oscillation field. 
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iston. The cell was filled with CTAB/NaSal aq. , that was sealed airtight
ith the rubber sheet and the screw cap. A tiny air bubble ( V = 5.5 mm 

3 )
as injected into the lower part of the cell using a microsyringe. The

nternal size of the cell is 10 ×10 ×40 mm 

3 . A high-speed polarization
amera (CRYSTA PI-1P, Photron Ltd.) was used to capture a square area
f 12 ×12 mm 

2 . The cell was fixed with an expansion block consisting
f connections and a hole for piping so as to consistently press against
he rubber of the vibrating platform piston. 

The vibrating piston was controlled by a sine-wave generator
oosted with a power amplifier system (Wavemaker APA-050FAGO,
sahi Seisakusyo Co. Ltd.), so that the frequency, amplitude, and oscil-

ation center position of the piston could be controlled. The oscillation
requency was fixed at 100 Hz. 

.3. Birefringence measurement 

The bubble motion was captured using the high-speed polarization
amera. The camera was set up with a resolution of 1024 ×1024 pixels,
 frame rate of 6000 fps, and a 1/6000 s shutter speed. Fig. 3 (a) shows
 schematic diagram of the optical system used for high-speed polar-
zation imaging. The light source is a green LED with a wavelength of
26 
32 nm that becomes a parallel beam using a collimation lens. The green
ight passes through linear and circular polarizer films, so that the in-
ident light is circularly polarized. After passing through a sample, the
olarized state is changed to elliptical. The camera records the change in
he polarization state as a retardation, 𝛿’ . A band-pass filter was installed
n front of the lens to reduce noise. 

Fig. 3 (b) shows a schematic diagram of the micro linear polarizer
rray installed in front of the CCD image sensor. The polarizer array
s composed of four pairs of linear polarizers, which are oriented at
5° to the adjacent four pixels. The retardation 𝛿’ is calculated from
ach light intensity ( I 1 , I 2 , I 3 , I 4 ) detected by the image sensor, given as
qs. (1) and (2) [25] . Therefore, the resolution for polarization imag-
ng is 512 ×512 pixels. Assuming the validity of the stress-optical rule
26,27] for the local flows around a bubble, the stress tensor 𝝈 , is deter-
ined by the refractive index tensor Δn ’, and the inverse of the stress-

ptical coefficient C , as shown in Eq. (3) , where R and 𝜒 are the rotation
ensor and the rotation angle, respectively. 𝛿’ is given by Eq. (4) , where
is the light path length of the sample, 𝜆 is the wavelength, and Δn’ xy is

he component of the refractive index tensor. When supposing a uniform
ight path length, 𝜎 is proportional to 𝛿’ . This study shows the presence
f the pressure field by measurement of the retardation. Finally, the
rinciple azimuthal angle, 𝜑 is given by Eq. (5) . 

′ = sin −1 

√ 

( 𝐼 3 − 𝐼 1 ) 2 + ( 𝐼 2 − 𝐼 4 ) 2 

𝐼 0 
(1)

 0 = 

𝐼 1 + 𝐼 2 + 𝐼 3 + 𝐼 4 
2 

(2)

= 

1 
𝐶 

𝑹 

−1 ( 𝜒) 𝚫𝒏 ′𝑹 ( 𝜒) (3)

′ = 

2 𝜋
𝜆
𝜁Δ𝑛 ′xy (4) 

 = 

1 
2 
tan −1 

(
𝐼 3 − 𝐼 1 

)
(
𝐼 2 − 𝐼 4 

) (5)

. Experimental results and discussion 

.1. Free rising velocity of an air bubble 

Fig. 4 shows the free rising velocity of a tiny air bubble. In this study,
he equivalent bubble diameter D eq , was calculated with consideration
f the axial symmetry of the cusped bubble, given as Eq. (6) , where D H 

nd D V are the horizontal and vertical bubble diameters, respectively.
he velocity jump is observed around a bubble diameter of D eq = 3 mm.
or small bubbles ( D eq < 3 mm), the flow around the bubble is similar to
he creep flow. Moreover, before and after the velocity jump, the bubble
hape is changed from spherical to oblong and cuspidal. 

 𝑒𝑞 = 

3 
√ 

𝐷 𝐻 

2 𝐷 𝑉 (6)

.2. Bubble motion under pressure-oscillation field 

Pressure oscillation at 100 Hz was applied to a bubble. The rising
elocities of a bubble at various diameters are plotted in Fig. 4 . It was
ound that a bubble rising velocity under pressure-oscillation is higher
han the natural rising velocity for a bubble with the same diameter.
or example, the bubble ( D eq = 2.1 mm) rising velocity was 0.97 mm/s
n Fig. 4 . This constitutes an approximately sevenfold higher rising ve-
ocity compared with the natural rising velocity for a bubble with the
ame diameter. A time series variation of D H and D V is plotted in Fig.
 (a), where the frame rate is 6000 fps, i.e., 60 video frames can be cap-
ured during a period of bubble expansion and contraction. The horizon-
al axis is non-dimensional time t / T , normalized according to a cycle of
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Fig. 3. (a) Schematic diagrams of the optical system 

for high-speed polarization imaging, and (b) the high- 

speed polarization image sensor. A micro linear polar- 

izer array consisting four pairs of linear polarizers is 

attached to the sensor. The maximum resolution for an 

image is 1024 ×1024. 

Fig. 4. Change in the rising velocity and bubble shape as the equivalent bub- 

ble diameter increases. ( ○: free rising velocity without pressure-oscillation, U 0 

[mm/s]) The free rising bubble shape is spherical without pressure-oscillation; 

however, the bubble shape changes from spherical to oblong and cuspidal with 

enhancement of the bubble rising velocity ( •: U [mm/s]) under a pressure- 

oscillation field at 100 Hz. 
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Fig. 5. (a) Periodic changes in the vertical D V and horizontal diameters D H over 

three periods. (b) Bubble motion of the first cycle. The motion can be divided 

into three phases; (i) contraction phase, Nos. 1–9, (ii) expansion phase, Nos. 

10–18, and (iii) idle phase, Nos. 19–60. 

3

 

b  

s  
ressure oscillation. The bubble diameter changes periodically during a
ycle with a gear-tooth-like feature appearing due to performance limi-
ations of the vibrating platform. It may be because of the rubber sheet
eing inadequately respondent to the piston attached to the vibrating
latform. Fig. 5 (b) shows a close-up of the first cycle (0 < t / T < 1). Let
s focus on the sudden change in the bubble diameter; images from Nos.
 to 9 indicate the bubble contraction phase (i), and those from Nos. 9
o 18 indicate the expansion phase (ii). After expansion, from Nos. 18
o 60 indicate the idle phase (iii). Therefore, rapid expansion produces
 slight change in the oscillation of bubble diameter and the oscillation
s slowly dampened. Fig. 6 shows the original gray images during each
hase. The bubble shape has a cusped shape with a cuspidal point at the
ottom of the bubble during the contraction phase. 
27 
.3. Retardation distribution 

Fig. 6 also shows the extracted snapshots for the retardation distri-
ution map around the bubble. The entire video images are given as a
upplemental file (video 1). The color map indicates retardation with
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Fig. 6. (a) Periodic change of the retardation distribution during the contrac- 

tion and expansion phases. Strong vertical retardation due to the orientation of 

worm-like micelles occurs as a result of local stress at the tail of the bubble dur- 

ing the contraction phase, and a weak retardation occurs near the bubble surface 

due to biaxial deformation of the surrounding fluid during the expansion phase, 

(b) Periodic change of original gray images in each phase. The entire video is 

given as a supplemental file (video 1). 
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s  
 scale of 0–10 nm, the range of which indicates a strong stress range.
ote that the retardation map provides a summation of the local stresses
f the test fluid where the transmitted beam passed through. Therefore,
his color map is not exactly the same as the axisymmetric stress dis-
ribution around the bubble. During the contraction phase (i), strong
etardation is observed at the lower side of the bubble. As the bubble
ontracts, the retardation distribution extends downwards. Both sides
f each picture show the cell walls where weak retardation is gener-
ted. It is assumed that the internal pressure increased in the quartz cell
ausing birefringence and finally the retardation was observed. During
he expansion phase (ii), the lower part of the retardation disappears
radually. At the same time, the strong retardation distribution spreads
round a thin region at the upper side of the bubble. During the natural
ising phase (iii), the retardation distribution remains unchanged due to
he residual stress. 

Fig. 7 shows that the evaluated retardation is dependent on the dis-
ance from the bubble surface in each phase (Nos. 1, 9, 18). In the begin-
ing, we focused on the lower side of the bubble, as shown in Fig. 7 (a).
ere, 𝜉 is a non-dimensional distance which is the distance from the
ubble surface L , normalized according to the equivalent diameter, D eq ,
s shown in Eq. (7) . 𝜉 is zero at the bubble surface. Comparison of each
hase indicates the maximum contraction phase (No. 9) produces the
trongest retardation. Furthermore, the strongest retardation is caused
n the vicinity of the bubble surface ( 𝜉 = 0) and is attenuated with an in-
28 
rease of the distance from the bubble surface, i.e., the retardation value
ncreases exponentially close to the bubble surface. Next, we focused on
he upper side of the bubble, as shown in Fig. 7 (b), which also shows
he strongest retardation in the vicinity of the bubble surface. The after
xpansion (No. 18) produces the strongest retardation. 

From the features of the retardation distribution for each phase, the
ollowing two points are inferred: (1) During contraction, deformation
s uniaxial elongation occurs at the lower side of the bubble, where the
uids around the lower side of the bubble are elongated momentarily
ue to the local flow. (2) During expansion, deformation as biaxial ex-
ension occurs at the upper side of the bubble, where the fluids around
he upper side of the bubble are momentarily extended plate-like due to
xpansion of the bubble interface. 

These deformations are repeated at 100 Hz, so that a stress field
s generated periodically in the vicinity of the bubble surface, accom-
anied by surface deformation. These results correspond to local flow
tructure around the bubble. The details are discussed in the next sec-
ion. 

= 

𝐿 

𝐷 𝑒𝑞 

(7)

.4. Shear rate around the bubble 

For shear-thinning fluids, the cyclic change in the bubble diameter
nduced by the oscillating pressure generates a continuous strong local
ow near the bubble surface. It is possible to evaluate the shear rate that
ccurs in the fluid around the bubble using the spherical model [21] ,
iven as Eqs. (8) –(10) , where u and S are the radial velocity and the
ate of deformation tensor, respectively. The shear rate was evaluated as
95 s − 1 in this experiment. Here, considering the rheological behavior
 Fig. 1 ), the shear rate corresponds to the region that appears to have
ow viscosity and high elasticity, which implies a distinct change in the
heological properties in the vicinity of the bubble. 

̇ = 

√
2 𝑺 ∶ 𝑺 = 

√ √ √ √ √ 

2 𝑢 𝑟 2 + 4 𝑢 2 (
𝐷 eq 

2 

)2 (8) 

 = 

𝑑𝑟 

𝑑𝑡 
= 

𝑑 𝐷 𝑒𝑞 

2 𝑑𝑡 
= lim 

Δ𝑡 →0 

𝐷 𝑒𝑞 _ exp − 𝐷 𝑒𝑞 _ 𝑐𝑜𝑛 

2Δ𝑡 
(9)

 𝑟 = 

𝑑𝑢 

𝑑𝑟 
= lim 

Δ𝑡 →0 
1 
Δ𝑡 

[ ( 

𝐷 𝑒𝑞 _ exp 

𝐷 𝑒𝑞 _ 𝑐𝑜𝑛 

) 2 

− 1 

] 

(10)

.5. Orientation angle 

Fig. 8 shows the snapshots for (a) the retardation, (b) grey image, (c)
he orientation angle distribution of fluid around the bubble. The color
f a plot on the orientation angle map, which corresponds to the angle of
he circle color map at the bottom of Fig. 8 , indicates the normal direc-
ion of the principle azimuthal angle. In the case of expanding bubble,
he worm-like micelle is oriented in a circumferential direction around
he expanded bubble, as shown in the lower part of Fig. 8 (c), which is
onsistent with the biaxial extensional flow as shown in the lower part
f Fig. 8 (d). Here, colors of the arrows correspond to the orientation an-
le. In the case of expanding bubble, however, the vertical orientation
an be seen below the contracting bubble surface as shown in the upper
art of Fig. 8 (c). A uniaxial extensional flow as well as oblique inflow
n the contraction phase can be described as the upper part of Fig. 8 (d).
he vertical orientation can also be seen even in the expansion phase.
he strong retardation still remained over a cycle. This implies a distinct
hange in the rheological properties in the lower vicinity of the bubble.

.6. Local flow model 

Bubbles generally maintain their spherical shape due to surface ten-
ion. When a weak pressure is applied, the bubble also remains spherical
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Fig. 7. Effect of non-dimensional distance 𝜉 on (a) upper retardation and (b) lower retardation. Nos. 1, 9 and 18 show the initial contraction phase, the maximum 

contraction phase, and the maximum expansion phase, respectively. During the maximum contraction phase, strong retardation is observed at the tail of the bubble, 

whereas it is attenuated faster at the top of the bubble, which indicates that the more complex flow occurs in the region behind the bubble. 

Fig. 8. (a) retardation maps, (b) original gray image, (c) ori- 

entation angle map, and (d) schematic image of extensional 

direction, at No.9 (contraction phase) and No.18 (expansion 

phase). The circle map indicates a color map of the orienta- 

tion angle. The vertical orientation can be seen at the lower 

part of bubble in the contraction phase. In the expansion phase, 

the circumference orientation was observed around the bubble 

surface. 
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e  
ecause the bubble is being pressured isotropically. However, instanta-
eous deformation by expansion and contraction was applied to the bub-
le in a viscoelastic fluid using a pressure oscillation. In this case, local
ow occurs around the bubble, and the effect of elasticity is greater than
he restorative force due to surface tension. In addition, we considered
he local flow structure of cusped shape. 

When the bubble changes from expansion to contraction, the bubble
olume decreases and the fluid flows in to fill the vacant space. We
ay refer to this supply flow as inflow. Fig. 9 shows the flow structure

f the cusped shape during the contraction phase. In the contraction
hase, inflow is concentrated around the lower part of the bubble, but
hen starts to flow towards the lower direction. These local flows are
onsistent with the maps of orientation angle as shown in Fig. 8 . Here,
 d  

29 
oop stress occurs along the edge of the bubble. As a result, the bubble
xhibits a cusped shape. 

.7. Local flow visualization 

To confirm the predicted flow, a flow visualization experiment was
repared using tracer particles (hollow glass, 40 𝜇m particle diameter,
pecific gravity 0.998–1.002), laser sheet, and the high-speed polariza-
ion camera. A green laser light was used as the light source and passed
hrough cylindrical and convex lenses. The sheet was irradiated from
he side of the cell to the vertical cross-section of the bubble, which
nables visualization on the same plane. Fig. 10 shows the resultant
eformation. The trajectory and contour of the bubble shape and the
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Fig. 9. Flow model that predicts the bubble surroundings during the contraction 

phase. The inflow appears umbrella-like due to a reduction of the bubble surface 

area. The inflow surrounding the bubble starts to flow in the lower direction as 

outflow. 
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Fig. 10. Positional relationship between the tracer and bubble. L con [mm] is the 

distance from bubble surface edge to the tracer during the contraction phase (in 

scale). The tracer moves towards the cusp-tips and then after approaching the 

tracer moves rapidly downward. The combined frames captured at consecutive 

contraction phases are given as a supplemental file (video 2). 

Fig. 11. Trajectory of the tracer position L con , and the uniaxial elongational 

rate, �̇� . �̇� is rapidly attenuated with the distance 𝜉 in the local region of uniaxial 

elongation. 
arget tracer at consecutive contraction phases are plotted in scale. The
ombined frames captured at consecutive contraction phases are given
s a supplemental file (video 2). The bubble size is 4 mm 

3 with a di-
meter of 2.0 mm. t/T indicates the snapshot number at the time of the
ontraction phase. As the bubble rises, the tracers move to the upper di-
ection (1 < t / T < 6). The tracers move downwards after t / T = 6 and the
ownward flow becomes weaker as the distance from the bubble edge
ncreases. The distance between the tracer and the bubble edge during
he contraction phase L con , is plotted in Fig. 11 . 

In addition, the Hencky strain 𝜀 , and the uniaxial elongation rate �̇� ,
ere calculated using Eqs. (11) and (12) . �̇� is plotted in Fig. 11 as the

econd axis. �̇� is suddenly attenuated with the increase in L con when the
racer is away from the bubble edge. However, the slope decreased after
/T = 18, which implies that the tracer traveled along the strong local
niaxial elongation region at the tail of the bubble at the maximum of
he contraction phase. The result is in agreement with the birefringence
rofile and the local flow model described in Fig. 9 . 

 = ln 
𝐿 𝑐𝑜𝑛 

𝐿 exp 
(11)

̇  = 

𝐿 𝑐𝑜𝑛 − 𝐿 exp 

𝐿 exp 𝑑𝑡 
(12)

.8. Effect of frequency on the bubble motion 

The upper figures of Fig. 12 show an effect of frequency on the flow
tructure around the bubble under the pressure-oscillating field from 50
o 300 Hz. The amplitude of vibrating platform was kept fixed in these
xperiments. As pressure-oscillation frequency is increasing, stronger re-
ardation can be seen at the lower part of the bubble during the contrac-
ion phase. Note that due to the mechanical limitation of the vibrating
latform, the condition of pressure-oscillation was tuned properly for
00 Hz operation. As pressure-oscillation is applied at higher frequency,
he rising velocity of bubble is getting accelerated from about 4 to 7
imes compared to its free rising velocity without pressure-oscillation.
he retardation color map with the bigger vibration amplitude at 100 Hz
30 
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Fig. 12. The evaluated retardation distribution from 50 to 

300 Hz in the contraction phase and expansion phase, respec- 

tively. In the contraction phase, the stronger retardation was 

observed at higher frequency. When the bigger vibrating am- 

plitude was applied to the system at 100 Hz, the stronger re- 

tardation was observed as shown in the lower part. 

Fig. 13. The enhanced retardation at the contraction phase and shear rate is 

plotted at each frequency. The shear rate is calculated for changing the dis- 

tance of bubble expanded and contracted from bubble surface to one position 

( 𝜉 = 0.04). The retardation is proportion to frequency at 100–300 Hz. 
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as given at the lower part of Fig. 12 . With increasing amplitude of
ressure-oscillation, the stronger retardation also can be seen at the
ower part of the bubble during the contraction phase. 

Fig. 13 shows a dependence of the local shear rate on retardation
t the lower vicinity of the bubble ( 𝜉 = 0.04). The local shear rate on
he surface of the bubble can be estimated by Eq. (8) . Depending on the
requency and the change in bubble diameter under pressure-oscillating
eld, the local shear rates on the bubble surface were calculated in or-
er of 100–2000 [1/s] as shown in Fig. 13 . When we have considered
he liquid rheological behavior in Fig. 1 , such higher shear rate indi-
ates non-linear behavior of the fluid. The shear viscosity using cone
nd plate flow geometry and the complex viscosity using sinusoidal os-
illating cone and plate flow geometry are different from each other,
s well as strong normal stress difference could be seen. Ouchi et al.
28] showed that the Shear Induced Structure (SIS) of the test fluid can
e generated over strain of 4–7 [ − ]. The relaxation time of the SIS fluid
ay be much longer than the relaxation time of the original fluid. In

ur experiments, strains surrounding the bubble were smaller than the
31 
alues of less than about 0.5. As the SIS condition may not be generated
n the vicinity of the bubble under pressure-oscillating field, the clear
yclical 2D retardation images can be obtained throughout experiments.

. Conclusions 

The shape of a tiny bubble in CTAB/NaSal aq . was observed under a
ressure-oscillating field. For free rising, the shape changes from spheri-
al to a cusped shape as the bubble size increases. In this case, the critical
olume is approximately V = 14 mm 

3 with D eq = 3 mm, the rising veloc-
ty of the bubbles can be accelerated by applying pressure-oscillation. A
iny bubble ( V = 5.5 mm 

3 , D eq = 2.2 mm) showed a cusped point at the
ail and the rising velocity was accelerated by nearly seven-fold during
he contraction phase under the pressure-oscillation field. 2D polariza-
ion measurement was conducted to investigate the deformation of the
uid under a pressure-oscillation field. These results including the ori-
ntation distributions indicated that deformation as uniaxial extension
ccurred at the tail of the bubble during the contraction phase as well
s the biaxial extensional deformation occurred at the upper side of the
ubble. In addition, a local flow visualization experiment using tracer
articles was conducted to investigate the flow structure around the
ubble. It was revealed that a negative wake occurs at the tail of the
ubble due to rapid deformation of the bubble surface, and the negative
ake produces deformation as uniaxial extension of the bubble. 
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